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Abstract 

We construct a new off-shell twisted hypermultiplet with a scalar and an 
anti-self-dual tensor superfields. Using the N = 2 twisted superspace formal- 
ism, we construct a Donaldson- Witten theory coupled to the hypermultiplet. 
We show that this action possesses the Vafa-Witten type = 4 twisted su- 
persymmetry at the on-shell level. We also reconstruct the action using a 

= 4 twisted superconnection formalism. 
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1 Introduction 



One of the important characteristic of a topological twist [1,2] is that the BRST 
charge of a quantized topological field theory relates to a supercharge. One can con- 
struct a new algebra which is called twisted superalgebra by using the twisting pro- 
cedure. These algebras consist of scalar, vector and tensor generators. The twisted 
supersymmetry is investigated in various models and various dimensions [3-16]. We 
are especially interested in Dirac-Kahler twist [17] which is connected with lattice 
fermion. The advantage of this twist is that ghost fields in the quantized topological 
field theory are directly related to the gaugino or matter fields in supersymmetric 
theory and that an untwisted theory is easily constructed from the twisted super- 
symmetric theory. A twisted superspace formalism are then constructed from the 
twisted superalgebra [18,19]. Twisted supersymmetric Yang-Mills theories on the 
superspace formulation based on the Dirac-Kahler twist was derived in two and four 
dimensions [20,21]. Three dimensional twisted supersymmetric Yang-Mills theory 
was investigated in [22]. A recent development of the twisted superspace is that a 
path-integral quantization procedure with respect to the subsuperspace which con- 
sists of scalar and vector fermionic coordinates is proposed in four dimensional A^=2 
super Yang-Mills case [23,24]. 

In previous paper [25] we constructed a A^=2 twisted superspace formalism with 
a central charge using the Dirac-Kahler twist. Our formulation was based on a 
tensor formulation coming from the Dirac-Kahler twisting procedure. We proposed 
a new A^=2 twisted hypermultiplet with a central charge. This multiplet includes a 
bosonic vector field. We then proposed a new off-shell twisted hypermultiplet action 
and gave a gauge covariant version of this action. It turned out that this action plus 
Donaldson- Witten action has the on-shell N=4 TSUSY and the four-dimensional 
Dirac-Kahler twist is equivalent to the Marcus's twist [26]. 

In this paper we propose a new N=2 twisted hypermultiplet with a central 
charge. This multiplet consist of a bosonic scalar and a bosonic self-dual antisym- 
metric tensor fields. In this case a covariantized on-shell action similarly possesses 
a N=4: twisted supersymmetry. An algebra of this symmetry is different from the 
Marcus's one. An assignment of ghost number is especially different in these theo- 
ries. We insist that this theory is equivalent to the Vafa- Witten theory [27,28]. 

Another important motivation of this work comes from the recent study of lattice 
SUSY. It is well known that the Dirac-Kahler fermion mechanism is well-defined 
on the lattice [29-31]. Supersymmetric models with modified Leibniz rule on the 
lattice was studied in [32-35]. The characteristic of these models is that all of 
the twisted supersymmetries are exactly defined on the lattice. Other models by 
using the Dirac-Kahler fermion without modified Leibniz rule possess the partial 
twisted supersymmetries. These models was investigated in [36-46]. In the recent 
development of lattice SUSY, there are matrix formulations on which we impose 
orbifold conditions [47-63]. These models are constructed under the orbifold 
condition coming from some global symmetries of some mother theories. The lattice 
SUSY models based on the twisted SUSY may be related to the one based on the 
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matrix formulation. 

This paper is organized as follows. In Sec. 2 we give a brief introduction of the 
N=2 twisted superspace formulation with a central charge based on the Dirac-Kahler 
twist. In Sec. 3 we propose a new twisted hypermultiplet which is constructed by 
the scalar and tensor superfields. In Sec. 4 we derive a Donaldson- Witten theory 
coupling to the hypermultiplet. We show that the supersymmetries of the theory 
become the A^=4 twisted supersymmetry which is correspondence with Vafa-Witten 
type one. In Sec. 5 we reconstruct the A^=4 twisted SYM theory with respect to 
the iV=4 twisted superspace formulation. We summarize the results in section 
5. We provide several appendices to summarize the notations and show the full 
transformation of on-shell A^=4 TSUSY. 



In a previous paper [25] we derived the N=2 twisted SUSY algebra and superspace 
formalism with a central charge with respect to the Dirac-Kahler fermion [64,65]. 
This algebra is a twisted version of the ordinary N=2 SUSY algebra with a central 
charge [66,67]. N = 2 twisted SUSY generators consist of a scalar, vector, anti- 



where the others (anti)commute, the capital {A} denotes the second rank tensor 
indices fiu and 6^^^^ (S'^j^) is defined as (5+^^^^ = 6f,pS^^ - 6f,J^p - e^^p^. Through 
this paper we consider the Euclidean flat spacetime. 

We now introduce the N = 2 twisted superspace based on the algebras. The 
superspace consist of the bosonic coordinates Xp, z and fermionic ones 9^, 9p, Op^,, 
where 2; is a bosonic parameter corresponding to the central charge Z and 6'^^^ are 
fermionic anti-self-dual tensor parameters with 6*^^ = —^ep^p^jO^'^'^ . We define dif- 
ferential operators {Q'^ , Qp , Q\, Z} corresponding with the twisted supercharges 
{s^ , Sp , s\, Z} as follows: 



2 N = 2 twisted SUSY with central charge 





(2.2) 



These differential operators satisfy the following anticommuting relations: 




if 
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{Q\Q+} = -Z, {Q+,Qt} = -5,^Z, {Q+ Q+} = -<5+^Z, (2.3) 

where -Qp^9~^ = 5\q and Z commutes all the differential operators. The sign of the 
spacetime derivative is reversed with respect to the algebra fl2.1l) . We then intro- 
duce differential operators which anticommute with the differential 
operators Q+, Qj^}, 

These operators {V^ satisfy the following relations: 

{V\ V;} = -td„ {Vi, P+} = {V\ V\} = 0, 

{V+,V+} = Z, {V+,Vt} = 6,.Z, {Vi,V+} = 6XB2, (2.5) 

where Z commutes these operators {V^ 



3 A new twisted hypermultiplet 

In previous paper we constructed the twisted hypermultiplet introducing the bosonic 
superfield with vector index. We now introduce bosonic superfields with a scalar and 
an anti-self-dual tensor indices, and respectively. Since a general superfield 
has many component fields, we need to eliminate superfluous fields. We then use 
the R-symmetry in order to impose a condition on the superfield. We also introduce 
R-transformations for the superfield V^, and supercharges: 



o ABC ^ ' 





4vt. 


Rin = 




RK = 


~2^A,fJ'i^^~^'^ ■■ 




^ + 


^A^B — 




= 


2"A,iiu^ ■ 



-r+ 

g-^ ABC * ' 

(3.6) 

where ^\bc anti-symmetric tensor defined in the Appendix. The {T>^} oper- 
ators transform in the same manner with respect to the supercharges. We can find 
the following R-invariant terms, 

Ri{v^v^ + v+X^) = o, 
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i?+(P+V+ - I)+V+ + ^r+^z52^+^V+^) = 0. (3.7) 

We may impose the following conditions: 

i?+(I?+V+) = R\{V;V+) = R\{VlV+) = 0, 

R\iP^n) = R\iPtK) = RlC^t^c) = 0- (3.8) 

The constraints (13.81) mean that T>fV~^ and 'D^V\ should be the R-invariant, where 

{T>f} = {V^ We can then find the following relations between and 
by using eqs. (13.71) and (13. 8p : 

+ v+vi = 0, 

+ - 25Xb-D^V^ = 0, 

- - \t\bc{T^^''V^ - V+V^^) = 0. (3.9) 
We then derive the following relations from the constraints (13. 9p : 
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We can also express eqs. (13. 101) in terms of by using eqs. (13. 9p . 



(3.10) 



V+\ = v, Vl\ = vi, ZV+\ = K, ZV\\=K\, 

P+V+| = A+, P+V+| = A, I)+V+| = ^^, (3.11) 
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^^X..^'A + za,A+ + ir+^^,a'^A+^ 
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A^ 
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2^A,B^ ABC^ 

-^5+ ^a'^V'M - ^nBuu^'v 


K 

Kt 

-id,X + idPXtp 



Table 1: N=2 twisted SUSY transformations of the Hypermultiplet. 



where | means to take the lowest components of the ^'s. Higher components of ^'s 
in the superfields V"*" and are expressed by the derivative of the fields (13.111) . 
From eqs. (13. 9p and (13.101) . we show some twisted supertransformations: 

= Q^v+| = p+v+| = -A+, 

5+ A = Q+D+V+l = V+V+V+\ = -ZV+\ = -K. (3.12) 
I ' 2 ' 2 ^ ^ 

We can find the other transformation laws of components fields. We summarize the 
TSUSY transformations of the hypermultiplet in Table [TJ 

N=2 TSUSY with a central charge and R-invariant action is the following form, 

+K'' + h<^^K\). (3.13) 

This action can be represented by the superfields. We omit the explicit form of the 
superfield action because of a complicated one. We will show a covariantized action 
with respect to the superfields in the next section. 



4 Connection to the Vafa-Witten theory 

We pointed out that the hypermultiplet action coupling to the gauge multiplet 
possess the twisted N=A supersymmetry at on-shell level [25]. We will investigate 
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the N=4 twisted supersymmetry in this case. We define covariantized operators in 
order to introduce the gauge multiplet. 





= v+ 


















^ 9,- 





(4.14) 

where {r,r^,r^} and are fermionic and bosonic connection superfields, respec- 
tively. We then use the superconnection formahsm [19,68,69]. The supercurvatures 
are defined as the following commutation relations, 

{V+, V+} = -^V,, {V+, V+} = z5X,.V^ {V+, V+} = 0, 

{V^,Vj = -2^^,,, (4.15) 

where and W are bosonic curvature superfields and appearing in the twisted 
vector multiplet and JF^^^, are supercurvatures with the gauge fields. The curvature 
superfields JF, W and ^fj^^u commute with the central charge Z. 

In the covariant case the constraints of the superfield corresponding to the con- 
straints (13. 9p are 

'5X..V+^V+ + V+V+ = 0, 

viv+ + v+vj; = 0, 

V+V+ + V+V+ - 25+ bV+V+ = 0, 

V1V+ - V+V+ - ^r+^c;(V+^V+ - V+V+^) = 0. (4.16) 
From the constraints (14.161) we derive the following equations: 
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[-^-^,v+], 




v+v^v+ 




^H-^,v+], 




v;iv+v+ 


- 






V+V+V+ 




- ^r+^^zv+^ 




V+V+V+ 


= ^6,,ZV+- 


- ^^V+ + ^5,, 


Hw,v+]-^Hw,v+], 


V+V+V+ 




- -V^V+ , 
2 ''''' 




V+V+V+ 


- 7^v,v+. 












V+V+V+ 









VjiV+V+ = ^5Xm.V^V+ - ^V,V+ + ^r+^^.,V^V+^. (4.17) 
We define component fields of superfields which is consistent with Abelian case. 
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v+v+i 






V.I 












(4.1 



where and stand for the usual covariant derivatives and the gauge fields, 
respectively. Taking into account the Wess-Zumino gauge, we eliminate the lowest 
components of the fermionic superconnections and some fields appearing in higher 
components of 6's. For example a nontrivial TSUSY transformation can be derived 
in the following manner, 

5+A = Q+V+V+l = V+V+V+l 

= IzV^\-'-{:F,V^}\ = ^-K-'-[<P,v]. (4.19) 

We can also find the other twisted supertransformations for all the component fields. 
We show the N = 2 twisted SUSY transformations of the hypermultiplet in Table 

m 

These transformations satisfy the following commutation relations, 

{s+,s'^}(p = Zip - i[(l),(p], = -zD^y?, [s+,Z](/j = 0, 

{s\,s^}^ = SXbZ^-K,b[^^^]^ {s^,s\}^ = 0, [s\,Z]ip = 0, (4.20) 

where ip = v,v~X, X, K, and D^ip = d^Lp — i[u^,(p]. These algebras are 

closed at the off-shell level up to the gauge transformation. 

We can construct a covariantized action of the hypermultiplet. We derive the 
action by taking the lowest components of the ^'s. We then obtain the covariantized 
action as follows: 



Sh = 



X 



-3^(^r+^,.v+^v+'^(v+^zv+^) + v+^v+'^(v+zvj, - v+ zv+) 

+ i^(^^^^^^^^^^''^^^''^^^) - ^r+^cV+^v+^(v+zv+^) 
+^r+^cV+v+^(v+^zv+^) - ^r+^cV^^v+(v+^zv+^)) 
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2^B + ^y^-- 


T)^-)) -1- *T) ■))+ — *r+ T)'^ii+C 
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A^ 

i^u 
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Al^ 

-tSX.^V'^r - t[x, v^] + + i-2^ABc[x^'' , v^^] + t[<l>, A+] 
-tSlB-D'^i^, - ^^B^uT^'r + - ^1] + '¥Xb[x. v] 
+i'^XB[x+^>^c] + 1'^\bc[x^''M - mBclx.v^"^] 
+^'^tB[0,A] + tr+5c[</',A+^] 





z 




K 
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-2P^^, + f[x,t;] + t[x+^,^l] + 2[0,A] 


A^ 


^i^l^^jy^r ^\\x\A- \\x. vl\ + ^r+^^[x+^, + ^[0, a+] 




-iV,\ + zP^A+ + f [a, v\ + f [C^ ] + z[0, ^A,] 




-P^'P^i; + z{C^ + A+} + A} - |[(/>+^, ^;+] 
+z[0, i^] + z[0, + [(^, ^;]] + [<^, t;]] 




-P/^PX - V^^} + ^{X^, A} - A+} 
- i^r+^^{x+^, A+^} + t;] + z[0, K+] + z[</>, 



Table 2: A^=2 twisted SUSY transformations of the Hypermultiplet coupling to the 
vector multiplet. 
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_iv+^v+(v+zv+) - ^v+v+^(v+zv+) - ^v+^v+^(v+zv+; 



d xTr 



I- 



+2z<p{r, + 220{A, A} + 2^{A+^, A+} - 2^^;{C^ - 22t>{x, A} 
-^^{X-^^ A+} - ^T;+^{xi, A} + '-v+^ix, A+} + 2zt;+ {C^ r} 

—vlcp, [0, ^;]] - [0, ^;]] - ^^+^[0, ^1]] - [0, v^]]) . (4.21) 

The action is invariant for all the twisted supertransformations, but the action can- 
not be expressed by {s~^ , s~l^ , s\} exact form. We construct an off-shell Donaldson- 
Witten theory coupled to the twisted hypermultiplet. The off-shell Donaldson- 
Witten theory are given by using the twisted superspace formalism [19,21]: 



+\[<t>Af-\m')- (4.22) 
We redefine the component fields as 

A^^A, A+^^A+ ^^^-1^^, 0^-0, (4.23) 

in order to adjust coefficients in the action. We then derive the off-shell Donaldson- 
Witten theory coupled to the twisted hypermultiplet as follows: 

S = —{Sh + Sdw) 

X /" 1 



-ir{V,X - V^X^,) + '-<p{r, A} - ^0{A, A} - ^0{A+^, A+} 
-tC^{D,x - D'^xU - C,} + x} + ^0{X+^, X\} 
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4"-- ' '^^ 64 

- \v^^{x\. A} + A+} - iv{x. A} 

[0, ^;]] + [0, v]] + i^;+^[(/>, [0, ^;+]] 

-^r+^^^0jj [.^, + + - 10+^0+) . (4.24) 

This action possesses the off-shell N=2 twisted supersymmetry. We then investigate 
a symmetry when we eliminate the auxiliary fields K\ and . The equations of 
motion of the auxiliary fields are 

<t^A = -^^Bclv^''. ^^""l + ^K,ii K = K\ = 0. (4.25) 

We find that the Z transformations for the components {v,v\^\^X\^iIj^} of the 
twisted hypermultiplet are equivalent to the on-shell conditions and therefore these 
transformations disappear at the on-shell level. The on-shell action is given by the 
following form: 



•'on-shell 2 



X 



( - V^vV^v - ^Vv^'V^VA + (pD>'D,,(l) + (F^ 



2 



-zr{V,X - V^X,,) + -cPir. i^,} - 20{A, A} - -0{A+^, A+} 
-iC>^{D,x - D^xU - ^0{C^ C,} + '-4>{x, X} + xVi 

-\^{x^^ + ^r+^^S+{x^, A+} - r} 

+iv{Cr i^,] - \v^^{x\, A} + '-v^^ix. A+} - iv{x. X] 

+\v[<j^, \4>M] + \^\4>, [<I>M] + \4>,v\]] + \v^^\4>. [0,^+]] 

-^[v\.vt]y\v+^] - \[v\M[v^^v]). (4.26) 
We then find that the action fl4.26p possesses the following symmetries: 

Xa^^a, Cf^^Xf,, A^^A^. (4.27) 

Applying these discrete symmetries to the twisted SUSY transformations, we ob- 
tain new fermionic symmetries which is shown in Appendix A We express new 
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v+ v+ 




V, 


v+ 


-iT 
-iS^^T 

—iS^yT 


-«V„ i(5t ^^V^ i5»^V+ - iV+ 


-iTiy_ 
-iTAM 


V+ 




-iW 

-z^J+^W 

-iS^.W 


-iTu_ 

-iFA,y_ 











Table 3: iV=4 twisted supercurvatures 

scalar, vector and anti-self-dual tensor supercharges as {s"*", s^, sj^}. We then find 
that the commutation relations of the supercharge form a new A^=4 twisted SUSY 
algebra and this action possesses the = 4 twisted supersymmetry. The explicite 
form of the N=A twisted SUSY algebras are given in Appendix A These algebras 



closed at the on-shell level up to the gauge transformations. In this case the ghost 
numbers of twisted scalar supercharges and s"*" are -|-1 and —1, respectively. s+ 
is BRST charge and s+ is anti-BRST charge. We conclude that this A^=4 twisted 
supersymmetric theory is equivalent to the Vafa-Witten theory. 



5 = 4 twisted superconnection formalism 

The Marcus type A^=4 twisted supersymmetric theory was derived from A^=4 twisted 
superconnection formalism [70] . We then reconstruct the A^ = 4 twisted super Yang- 
Mills theory f l4.26p which is derived from the N=2 superspace formalism by using 
A^=4 twisted superconnection formalism, similarly. We represent sixteen superco- 
variant derivatives as {V"*", V^, V^, V^, V^, V^}. We impose special constraints 



on general curvature superfields based on the twisted superalgebras in Appendix A 
and construct the A^ = 4 twisted super Yang-Mills theory directly. We define the 
(anti) commutation relations of these supercovariant derivatives in Table El where JF, 
W, V+ and V\ are bosonic supercurvatures, J^^, 0^a,v-, ^ pu^v-, ^yj ^ a,v and jF^^i, are 
fermionic supercurvatures and J^^i.v is a bosonic supercurvature which includes the 
ordinary curvature F^y. We can gauge away some superfiuous fields in the supercon- 
nections by taking Wess-Zumino gauge. From Jacobi identities of the supercovariant 
derivatives, we derive the following nontrivial relations: 

= V+^ = V^^ = 0, 
V^W = vi>V = V+>V = 0, (5.28) 

^M = -^V>, TA,, = --5X,,V^''y\^. :^M^ = -^5^.V+W+^V+W, (5.29) 
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(5.30) 


1/ - 
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2 ' 






= 








VI/ = 






Kk = 









V+V+ = -^vV, 

It should be noted that the curvature superfields and W are (anti)chiral superfield 
of non-Abehan type from eq. (15.281) . JF^, J-'A,^l, ^fj,,uy -^m' -^At.ii expressed 

by the superfields and W. The following useful equations are then derived from 
the Jacobi identities 

v^v> = ^r+^^[v+^,v+^]-.[v+,v+]-2^1, 

V+V+^ = ^[Vl,V+] + ^r+^^[V+^,V+^]+2^^ + ^5,.[^,W], 
v+v^w = -^V^V+ + zV^V+ , 

V>+>V = -t6+jV\W] + '-T\^a[^+^ ,W], 

v+v+w = ^r+^^[v+^,v+^] + ^[v+,v+]-2^2' 
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V» = -^[V+,V+] + ^r+^c[V+^,V+^]+2^^-^5^4^,W]. (5.31) 

We define the component fields of these superfields JF, W, V"^ and as the following 
forms: 

T\ = <\>, V^|=A, V^^| = C^, Va-F| = A+, V\ = -v, 

W| = -0, VW|=x, V^W|=^/;^, V^W|=x:i, V\\ = v\. (5.32) 

We can derive = 4 twisted supertransformations by using the above equations. 
The = 4 twisted supertransformations strictly correspond with the twisted ones 
for Donaldson- Witten theory coupled to the hypermultiplet at on-shell level in 
Appendix A 



6 Euclidean = 4 super Yang-Mills Action 

We derive an ordinary A^ = 4 super Yang-Mills theory by untwisting the twisted 
A^ = 4 super Yang- Mills theory of the Vafa- Witten type in this section. We construct 
Dirac-Kahler fermions from the tensor fermions {A, Ajj, -0^, x, Xa, C'^i} appearing in 
the twisted A^ = 4 super Yang-Mills theory. We, however, cannot construct one 
Dirac-Kahler fermion form these fermiorl^l. The reason is that the Dirac-Kahler 
fermion needs to a self-dual tensor field and a anti-self-dual tensor field but this 
action does not contain self-dual one. Thus we define two Dirac-Kahler fermions 
with the chiral projection {P^)ij where /, J = 1, ■ ■ ■ , 4: 

^ X^j{P_,)ji = ]^{{x + C^l, + \x'"'l,u)P^]o.i- (6.33) 

J = 3 and / = 4 components are vanished in these fermions because of the chiral 
projection Pj^. It means that these fermions are the A^=2 fermions. 

The action fl4.26p can be represented by the Dirac-Kahler fermions fl6.33p . 

S = -^J d^xTi 

-zF'^=%^P^^*^=2 - it''=^l^V^x'''=^ 
-2i4> W''=^P+¥^=^ + 2icj) F^=V_^*^=2 
+2z0 X^^=^P+X^^=^ - 2z0 x^^=2f_x^^=^ 

^It should be noted that in the case of Marcus type an ordinary Dirac-Kahler fermion without 
projections is constructed by fermions {V'/i, ^, X^, X, X^: C/j} in four dimensions [25]. 



13 



+ 2iv ^ P-x' 



-2iv ^'^~^P+x' 

-2lV X*^=2p^^*^=2 + 2iv ^N=2p_^^N=2 



2i{ 
2i( 



where a^'^ 



^[vi,vi][v+^v^^]-\[vX,v]y^v] 



(6.34) 



= il2x2- We furthermore construct a fermion with the internal SU(4) R- 
symmetry from the and xj^^^^ with the internal SU(2) R-symmetry. We 

define the fermion with the SU(4) R-symmetry as follows: 



^ a — ^ a ' 
^ iN=2 



{/=1,2}, 
{/ = 3,4}. 



(6.35) 



We construct fields cp^"^ and 0^"^ of a 6 representation with SU(4) symmetry from 
the bosonic fields: (p, (j), v and as follows: 
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\ -f 13 + ivu 
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-V - iVi2 


f 13 + if 14 


\ 









-Vl3 + if 14 


-V + if 12 




-V + iVi2 


-Vl3 


- ivu 









\ Viz - ivu 


— V ■ 


- iVi2 
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(6.36) 



The (j)^^ and 0^"^ are satisfied with the following relations: 



lij 



9/ J, 



KL 



(6.37) 
(6.38) 



where 0, 0, f and v\ are the anti-hermitian. We can interpret the as spinors 
in the = 4 SYM theory since the Lorentz symmetry in twisted theory separate 
the Lorentz symmetry into the internal R-symmetry. We reparametrize component 
fields as 



—It 



IIJ 



(6.39) 
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and we derive a = 4 super Yang-Mills action as follows: 




7 Conclusions and Discussions 

We have constructed the Vafa-Witten theory by using = 2 or = 4 twisted 
superspace formalism based on the Dirac-Kahler mechanism. We summarize the 
Dirac-Kahler mechanism in this paragraph. The Dirac-Kahler mechanism gives the 
way to identify the = 4 extended SUSY suffix {i} as the Lorentz spinor suffix 
{a}, i.e. , diagonal subgroup S'0(4) ® S0{4:)i [21]. The A^=4 fermions based on 
the Dirac-Kahler mechanism consist of two scalar, two vector, a self-dual tensor and 
an anti-self-dual tensor. These fields just correspond to the fields which appear in 
the Marcus's theory. Since Vafa-Witten theory possesses two anti-self-dual fields, 
we cannot construct one Dirac-Kahler fermion. We can, therefore, construct two 
Dirac-Kahler fermion on which is imposed the chiral projection {P+)ij with respect 
to the R-symmetry. 

We proposed the N = 2 twisted superspace formalism of the twisted hypermul- 
tiplet with the central charge based on the Dirac-Kahler twist. We then introduced 
the bosonic superfields with a scalar and an anti-self-dual tensor indices, and 
respectively, while we introduced the bosonic superfields with a vector index in 
the previous paper. The theory given by using the superfield with the vector index is 
as a result Marcus's theory [25]. In the scalar and the tensor superfields case we have 
derived the off-shell action with the auxiliary fields and by imposing the con- 
straints on the superfields from the R-symmetry. We have also construct the twisted 
gauge covariant action with the Wess-Zumino gauge and have derived the off-shell 
Donaldson- Witten theory coupled to the covariantized hypermultiplet. Integrating 
out these auxiliary fields K'^, K\ and (t)\, we then found that the Donaldson- Witten 
theory coupled to the hypermultiplet possessed the discrete symmetries. From these 
discrete symmetries we can derive other fermionic symmetries whose generators are 
{ s"*" , , sj^ } . Thus the symmetries of the theory is enhanced to the A^ = 4 twisted 
SUSY without a central charge. The ghost number of {s"*", s^, s^} are { — 1, +1, — 1}, 
while the ghost number of {s^,s^,s^} are {+1,— 1,+1}, where two scalar super- 
charges and s"*" are identified with the BRST charge and the anti-BRST charge, 
respectively. We claim that this twist is identified with Vafa-Witten twist. We ex- 
plain this more precisely. We can immediately represent the Dirac-Kahler fermions 
by using these twisted supercharges as follows: 




(7.41) 
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where we define {Qai,Qai} as Q-^^. We can then represent {i,A} G {1,2} as the 
suffixes of the SU (2) j and SU (2)^ group, respectively. In this theory, the internal R- 
symmetry group is SU{2)i ® SU{2)jx — <S'0(4)/. We have shown that the untwisted 
theory possesses N=4 SUSY with .5(9(4)/ R-symmetry. As the manner of the twist 
are well known in the papers [27,28], the Vafa-Witten's twist is given by taking the 
diagonal sum of SU (2)j of the R-symmetry group SU (2)j®5'[/ (2)_4 and SU (2)^ of the 
rotation group SU {2) l ® SU {2) In two component spinor notation, Q^^ is divided 

into Q^* and Q^.^ where is independent of Q^* in Euclidean spacetime. We then 

identify internal SU{2) index i with SU{2)l index /3 : Q^^ ^ Q^^, Q;^, ^ Q^^. 

The supercharge Q^'^ is expressed by the two scalar charges and the two anti-self- 

— A 

dual charges. On the other hand the supercharge Q^^ is expressed by two vector 
charges. We then found that the Dirac-Kahler twist of with chiral projection 
is equivalent to the Vafa-Witten's twist after rewriting the tensor representations 
with the spinor representations. We found that this action corresponded to the 
Vafa-Witten theory because of possessing the same ghost number of charges and 
the same algebras. Untwisting the theory, we have immediately derived the = 4 
super Yang-Mills theory by using the Dirac-Kahler mechanism. 

One of the main aim is to establish the off-shell theory in the A = 4 twisted 
superspace. We have tried to construct the A = 4 twisted superconnection for- 
malism of the twisted vector multiplet without a central charge. We then intro- 
duced the bosonic curvature superfields {JF, W} and {V"*", V\} corresponding to the 
Donaldson- Witten theory and the twisted hypermultiplet, respectively. We have 
imposed the special constraints on the anti-commutation relations of the fermionic 
supercovariant derivatives {V"*", V^, Vj^, V ,V^,V^} and constructed the A^ = 4 
twisted super Yang-Mills theory. Unfortunately, we have naturally derived the equa- 
tions of motion from the Jacobi identities of the supercovariant derivatives and de- 
rived the same twisted supertransformations as the Donaldson- Witten theory cou- 
pled to the twisted hypermultiplet at the on-shell level. 

Some topological twists were classified by the way of taking diagonal sum for 
two global symmetries, i.e., the Lorentz symmetry and the internal R-symmetry 
in Euclidean flat spacetime [1,26-28]. We are particularly interested in the Dirac- 
Kahler twist which is one of the representations of the topological twists because the 
Dirac-Kahler fermions correspond to the Kogut-Susskind or the staggered fermions 
on the lattice. In the recent years the twisted supersymmetric theory is applied 
to the lattice theory. We have constructed the Vafa-Witten theory by using the 
Dirac-Kahler mechanism in this paper. We may therefore construct this theory on 
the lattice. 
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Appendix A 



we show the full list of the on-shell N=4 twisted SUSY transformations and the 
R-transformations. 
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The N=A twisted supercharge {s"*", s+, s^, s"*", s^, sj^} satisfy the following commu- 
tation relations up to the gauge transformation at on-shell level. 



{s+,s+}(/. = 0, 
{s+,<}(/. = 0, 



{4,s+}(/. = 
{s+,s+}v. = 
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{s^,s\}ip = 0, {s^,s\}(p = 0, 

where (^g(e)<^ = ^[e, V?] and (5g(e)A^ = D^e . 

Appendix B 

In this appendix we define Euchdean four dimensional 7-matrices: 

{7„lu} = 26,,, 7^t = ^/.^ (B.i) 
where 7^ satisfies the Chfford algebra. We use the following notations: 

l^,u = ^b^^,lu], % = 7m75- (B.2) 
7^^ can be constructed from the 2x2 matrices a'^ and in the following way: 

- ( I X ) . («-^) 

where = {a^, cr^, a^, a^) and = (— cr^, — cr^, —a^, cr^). a* are Pauli matrices for 
i G {1,2,3} and cr^ = il2x2- A matrix i? and a charge conjugation matrix C are 
defined as follows: 

7^ = r/S-^7;B, B*B = el, 

7m = vC-'7j:C, = eC, (B.4) 

where (r;, e) = (±1,-1). 

In a four dimensional Euclidean space Majorana fermions do not exist because 

the factor e should be equal to —1 [71]. A Majorana spinor satisfies the following 
condition, 

iIj* = B^P, (B.5) 

which leads 

ijj = B*^l) = B*Bijj. (B.6) 

Thus the existence of Majorana fermion requires B*B = 1. This condition can not be 
taken in four dimensional Euclidean space. We can, however, take a SU(2)~USp(2) 
Majorana fermion and a USp(4) Majorana fermion which satisfy the following con- 
dition, respectively, 

^/;" = e'^BiP^, (B.7) 

where i, j G {1, 2}, /, m G {1, 2, 3, 4} and these fermions correspond to the fermions 
which appear in N=2 and N=4 supersymmetric theory, respectively. In this paper 
we choose {rj, e) = (1, —1) and C = B = —7173. 
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Appendix C 

In this appendix we explain the A^=4 SUSY algebra with USp(4) Majorana condition 
in Euclidean spacetime. N=4 SUSY algebra is 

{QaI,Qjp} = 21jj{r)apPt.- (B.9) 

We can also represent the four components supercharge as the following form, 

Qal = I % 1, (B.IO) 



The USp(4) Majorana condition fIB.Sp is the following form 



{Qal Y — CapQpjC jl , (B.12) 



(B.13) 



Using the USp(4) Majorana condition, we define a Qj^ as: 



We can then describe the algebra (1B.9P with respect to theses two-component su- 
percharges, 

{Qa,QaA = 25'',((T^)„^F^, {Qa,Qaj} = 25^,K),^P^, (B.15) 

where supercharges with upper and lower indices are related through the e-tensor: 

In two component spinor notation, the Dirac-Kahler twist give the following 
relations. 

On the other hand, Vafa-Witten twist is the following relations, 

- Q;^'' = s-'^dj - Q^"^ - Q^'^" = (B.16) 

where {1,2} and 4+ s'+, 3^+, s^+j = s+, s+„ s+, s+, s+ }. 
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Appendix D 



In this appendix we give the definition of 5^ ^ and T^^^. The suffix A is the second 



rank tensor which denotes the suffix ^v. yU,z/ G {!,■■■ )4 }. The definition of 5^ 



IS 

where 5'^^'^5\^ = 0. (Anti-)self-dual tensors satisfy 

X^^ = IS^^'^'XB, (D.2) 

where Xb = xt + Xb- 

Variants of the definition of T^bc which stand for the third anti-symmetric tensor 
for ABC is 

Y±^J■a,u|3,p'y _ ^au^Pp^fp, _|_ ^p.u ^P'-f ^pa _|_ ^al3^uf^pp _|_ ^fiP^up^a 

— (^S°''^6'^'^6^^ _|_ ^^^^^PP^1<^ _|_ ^"/3j'^PJ7A« _|_ ^tJ-P ^^1 ^p(^^ 

_ ^±pa,up^l3'r _|_ ^±pa,f3^^up _ ^±pa,u^ ^Pp _ ^±pa,(3p ^w-f ^ 
Y±ABpa ^ \^^±A,vp^±B^a _^±A,va^±B^a^^ ^ 

r±^^^ = (D.5) 
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